We discuss a general approach to the proof of a theorem of Pickel on the finiteness of the number of isomorphism classes of finitely generated nilpotent groups with isomorphic finite quotients, which is applicable to handle other cases of finitely generated groups.
Introduction. In the study of discrete groups one often has to deal with various topologies and two of the most important of them are the profinite topology and the congruence topology, both of which turn out to be uniform. The profinite topology on a group G is defined by the collection of all subgroups of finite index in G, and we can define the profinite completion G with respect to the profinite topology also as the projective limit of finite quotient subgroups of G. To define congruence topology we assume for simplicity that G c -^ GL n (Z). The principal congruence subgroup of level m (denoted by GL n (Z, m)) is defined as the kernel of the canonical projection GL n (Z) -> GL n (Z/mZ) induced from the projection Z -> Z/mZ. The topology on GL n (Z) defined by principal congruence subgroups GL n (Z, m) is called congruence topology and the congruence topology on G is the induced one. Denote by G the completion of G with respect to congruence topology. Thus G is a dense subgroup of the compact topological group G (or G).
There are two natural questions. First, how one can distinguish these two topologies, i.e., one asks when they do coincide. If the answer is affirmative, one says that the congruence subgroup problem has positive solution for G. For solvable subgroups of GL n (Z), the congruence subgroup problem is known to have positive solution, and we refer, say, to [DDMS, Ch. VI] for a survey of the problem. Second, it is natural to ask how strongly the groups G and G (or G) are related, for example, to what extent the group G (or G) is determined by G. This kind of question was well-known and considered by many authors and in connection with algebraic geometry it was first explicitly stated by A. Grothendieck in [Gro] . If G is a finitely generated nilpotent group it was Pickel [Pi] who first showed that there exists only a finite number of isomorphic classes of finitely generated nilpotent groups which have isomorphic profinite completions. Subsequently, this important result has been used, among the others, in order to give an extension of this result for polycyclic groups, which is the main result of [GPS] . Notice that the proof given by Pickel in [Pi] makes essential use of (in fact is reduced to) some finiteness results regarding the commensurable finitely generated nilpotent groups due to Borel, and has more or less purely group-theoretic flavour, so it is very hard to extend this method to cover other classes of groups (especially non-solvable groups).
It is our objective to explore another approach to this result, which tends to be more arithmetic and algebraico -geometric and does not rely on this result of Borel. We make use of some results due to Hochschild and Mostow about the structure of the groups of automorphisms of solvable algebraic groups, finiteness theorems due to Borel and Serre, and also p-adic Lie theory.
The purpose of the approach considered here is to pave a way for the case of discrete subgroups of other types (e.g. semisimple or solvable types) of algebraic groups (treated in [T] ).
Notations. We keep the following notation and convention throughout the paper. Z = integers, Q = rational numbers, R = real numbers, C = complex numbers, Q = a fixed universal domain, Z p = p-adic integers, Q p = p-adic numbers, A = adele ring of Q. 
Recall that a polycyclic group is a group with a finite normal chain of normal subgroups such that each successive factor is cyclic. In particular, any finitely generated nilpotent group is polycyclic. For some other useful related notions and results we refer to [Ra, Ch. IV] . The following lemma was proved there. It provides us, as we will see later, many subgroups of finite index of a polycyclic group G with good properties. (τ(x) ).
From these equalities one sees that the α-coordinates of φ(x) and Τ(X) coincide, thus φ(x) = Τ(X),
hence Φ(MG) = MH.
b) By the assumption, G is G (resp. H is H) up to an isomorphism. It is known that the induced topology on MG (resp. MH) is the profinite topology, hence
= M H
and the proposition is proved.
• The following proposition makes it possible to substitute G by its suitable verbal subgroup. 
Proposition. Let G be a polycyclic group, MG a verbal subgroup of finite index in G corresponding to a set of words M. If the number of isomorphism classes in B(MG) is finite then the same is true for B(G).

Proof. Let {H α } be a complete set of representatives of isomorphism classes in B(G). Let
where all the factors Gi/Gi + 1 are infinite cyclic. It is known that in any polycyclic group G there exists a strong polycyclic subgroup G' of finite index, which we may assume to be normal in G (see [Ra] , Ch.
IV). If \G/G'\ = t then it is clear that
is also a strong polycyclic group. This means that in order to prove the finiteness of the cardinality of B(G) we may substitute G by its suitable verbal strong polycyclic subgroup of finite index.
5
The following lemma allows us, instead of groups in B(G) to consider their subgroup of finite index, which are torsion-free.
Lemma. Let G be a strong poly cyclic torsion-free group. Then all groups in B(G) are also torsion-free.
Proof. First we claim that if a sequence {xi} in G converges to x G G , and for some n e N, Thus from now on we may assume that all finitely generated nilpotent groups under consideration are torsion-free. Moreover, we may further assume that they are given in the matrix form, such that for every H G B(G) (including G) there is a faithful representation H -> GL n (Z) for some n, according to a well-known theorem of Malcev [Ma] . In this section we will prove the finiteness of the set B(G) of a finitely generated nilpotent group G. According to Section 1, we may assume that G and all groups H G B(G) are torsion-free. Then by a theorem of Malcev [Ma] , each group H possesses a faithful matrix representation
to the group of upper triangular unipotent integral matrices U n (Z). Denote by H := H the Zariski closure of H in U n (fi). Then H is a unipotent group defined over Q. We will make essential use of the structure of linear algebraic group on the group of rational automorphisms of unipotent algebraic groups and also of a fundamental theorem of Borel [Bor] on the finiteness of the number of double coset classes of Aut(G)(A), where Aut(G) denotes the Q-algebraic group of rational automorphisms of G and A will denote the adele ring of Q.
Via the matrix realization of G above, it is clear that G p is the p-adic closure of G in the p-adic topology induced from GL n (Z p ). By Proposition 
which is inverse to exp) is defined on exp(V).
Since G and H have faithful unipotent representation, we may assume that both of them are subgroups of U n (Z) for some n. Then the maps log and exp are given explicitly as follows
where E denotes the n x n identity matrix. Now we know that log and exp are defined over all G p and Lie{G p ), respectively, hence we have
i.e., f p is a Q p -polynomial map, thus it is uniquely extended to a Q p -isomorphism f p : G ~ H.
• We see that under our assumption made above, G and H are linear algebraic Q-groups which are isomorphic locally everywhere. From [BS, Thm. 7 .1] it follows that such groups lie in finitely many Q-isomorphic classes. Thus we have
Corollary. For any finitely geberated torsion free nilpotent group G, the set B(G) of G is a disjoint union of finitely many classes of groups H with Q-isomorphic Zariski closures.
It follows that we need only to prove the finiteness of any set of those groups in B(G) which have Q-isomorphic Zariski closures. We consider any one of these, say with a representative G
and by abuse of notation we denote it again by B(G).
The following result shows the adele nature of the family (f p ) of Lemma 2.1. 
Lemma. With notation as in
thus f p will be Z p -polynomial map for those p not lying in the set T of primes dividing (n -1)!.
Therefore f p is defined over Z p for all p ^ T. m p-saturable subgroup in terminology of [La] We need the following technical lemma in the sequel. Consider the following Q-rational function g(z) on G defined as follows
and decompose the matrix g(z) after the last row we have
If for all z G G(Z) we had g(z) = 0, then due to the Zariski density of G(Z) in G, it would follow that g(z) = 0. Hence c = 0 since f1,..., fN are Q-linearly independent, which contradicts the choice of c.
• Denote by M = Aut(G) the group of rational automorphisms of G. It is well-known that M has a natural structure of linear Q-algebraic group (see, e.g., [BS] , or just look at the diagram in the proof of Lemma 2.1). We need a specific realization of the group M, which plays a crucial role in our arguments, as follows. Recall that A denotes the adele ring of Q.
Proposition. With above notation there is a realization of M as a linear algebraic Q-group such that for every H e B(G) and for any Q-isomorphism g : H -> G, the family (g o f p ) (p runs over all prime numbers) is belong to M(A).
Proof. First we fix a universal domain Q. It follows from results of [HM] (see the discussion before Lemma 3.1 there), that G is a conservative Q-group, i.e., the group M acts locally finitely on the Q-algebra Q[G] of regular functions defined over Q on G. As before, we fix an embedding G "->• U n (Z) and let xij(1 <i,j< n) be the coordinate matrix functions on G. Let 
By our choice of fi, we have reZ. By solving the system A t above with respect to at 1 ,...
we have where dij G Q p . Denote S := { prime numbers q such that g is not defined over Z q (i.e., g is not a Z q -polynomial map) } and T := { primes divisors of (n -1)!} .
It is clear that S and T are finite, so for p ^ S U T we have g o f p G M(Z P ) as required.
•
The following is a well-known result of Malcev (see [Ma] , [Ra, Ch. VI] We will need the following important property of finitely generated torsion-free nilpotent groups [Ma] . It is clear that s p are all equal to the same s : H ~ K due to the uniquenes of the extension by Proposition 2.7 and s is defined over Q. Let f : H ~ G (resp. g : K ~ G) be a Q-isomorphism.
Then we may argue as above (use (*)) to obtain the following
Proposition 2.9 is proved.
• Remark. In [T] we give some applications of the method treated here to other class of discrete subgroups of Lie groups and prove a similar finiteness result.
Card(M(Q)\M(A)/C(G)) < Card(M(Q)\M(A)/D).
